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Abstract
We investigate in this paper rings whose proper ideals are 2-primal. We concentrate on the
connections between this condition and related concepts to this condition, and several kinds of
-regularities of rings which satisfy this condition. Moreover, we add counterexamples to the
situations that occur naturally in the process of this note. c© 2001 Elsevier Science B.V. All
rights reserved.
MSC: Primary: 16D25; 16N40; secondary: 16N60
1. Introduction
Throughout this paper all rings are associative with identity. For a ring R the prime
radical and the set of all nilpotent elements are denoted by P(R) and N (R), respectively.
Due to Birkenmeier–Heatherly–Lee [1], a ring R is called 2-primal if P(R)=N (R).
The study of 2-primal rings was initiated by Shin [9], and he proved that a ring R
is 2-primal if and only if every minimal prime ideal of R is completely prime in [9,
Proposition 1:11]. Observing the 2-primal condition was continued by Birkenmeier–
Heatherly–Lee [1], Hirano [6] and Sun [10], etc. Actually, Hirano [6] proved that if
R is a 2-primal ring, then R is -regular if and only if every prime ideal of R is a
maximal one-sided ideal; and Birkenmeier–Kim–Park [2] showed that if R is a 2-primal
ring, then R=P(R) is right weakly -regular if and only if every prime ideal of R is
maximal. These results explained mainly the relations between the -regularity and the
maximality of prime ideals of given rings.
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Also in [1], Birkenmeier–Heatherly–Lee introduced the concept of 2-primal ideal.
Shin showed that every proper ideal of a ring R is 2-primal if and only if every prime
ideal of R is completely prime in [9, Proposition 1:13]. Birkenmeier–Heatherly–Lee
provided various examples relating to this equivalent condition in [1]. In this paper
we concentrate on this condition, observing the connections between the results in the
previously mentioned papers and several kinds of -regularities of rings which satisfy
that. Moreover, we add counterexamples to the situations that occur naturally in the
process of this note.
2. Strongly 2-primal rings
We Hrst take the following deHnition.
Denition 1.1. An ideal I of R is called 2-primal if P(R=I)=N (R=I). A ring R is
called strongly 2-primal if every proper ideal I of R is 2-primal, where the term
proper means only I =R.
The strong 2-primalness has the following equivalent conditions by [1, Proposition
3:5; 9, Proposition 1:13].
Proposition 1.2. For a ring R the following statements are equivalent:
(1) R is a strongly 2-primal ring.
(2) Every prime ideal of R is completely prime.
(3) Every semiprime ideal of R is completely semiprime.
(4) R=P(R) is a strongly 2-primal ring.
Note that a ring R is 2-primal if and only if the zero deal of R is 2-primal. Simple
domains are clearly strongly 2-primal. A ring is called right (left) duo if every right
(left) ideal of it is two-sided. Right (left) duo rings are strongly 2-primal by [11,
Corollary 4], and so is any local ring in which the Jacobson radical is strongly 2-primal
as a ring without identity. Obviously, strongly 2-primal rings are 2-primal, but the
converse is not true in general by [1, Example 2:7]. Recall that a ring R is called right
(left) weakly -regular if for every x∈R there exists a natural number n, depending
on x, such that xn ∈ xnRxnR (xn ∈RxnRxn). A ring is weakly -regular if it is both
right and left weakly -regular. -regular rings are clearly weakly -regular. In the
following, we see a condition for which the 2-primalness and strong 2-primalness are
equivalent.
Proposition 1.3. Let R be a ring such that R=P(R) is right weakly -regular. Then
the following statements are equivalent:
(1) R is 2-primal.
(2) R is strongly 2-primal.
N.K. Kim, Y. Lee / Journal of Pure and Applied Algebra 170 (2002) 255–265 257
Proof. It is enough to show that (1) implies (2). Since R=P(R) is right weakly -regular
and R is 2-primal, every prime ideal of R is maximal by [2, Lemma 5] and so every
prime ideal should be minimal. Hence every prime ideal of R is completely prime by
[9, Proposition 1:11]. Then we get the proof by Proposition 1.2.
Recall that a ring R is called an SI-ring if for a; b∈R; ab=0 implies aRb=0.
Reduced rings (i.e., rings without nonzero nilpotent elements) are obviously SI-rings,
right (left) duo rings are SI-rings by [9, Lemma 1:2]. Shin showed that SI-rings are
2-primal in [9, Theorem 1:5], and so reduced rings are 2-primal. Thus, we may suspect
that SI-rings or reduced rings are strongly 2-primal. But the following example erases
these possibilities.
Example 1.4. We take the rings in [9, Example 5:3]. Let F =Z2(y) be the Held of
rational functions over Z2 with y its indeterminate. Consider the ring R= {f(x)∈
F[x] | xy+yx=1}: Then clearly R is a domain, so it is reduced and hence an SI-ring.
Using the condition that xy + yx=1, we have (h(y)=k(y))x2 = x2h(y)=k(y) for all
h(y)=k(y)∈F . Thus Rx2 ⊆ x2R and hence x2R is an ideal of R. First, we show that x2R
is a maximal ideal of R. Suppose that there exists an ideal M of R such that x2R $
M . Then there exists f(x)∈M such that f(x) ∈ x2R, say f(x)= (f0(y)=g0(y)) +
(f1(y)=g1(y))x+ · · ·+(fn(y)=gn(y))xn with (fi(y)=gi(y))∈F for i=0; 1; : : : ; n. Then
clearly f0(y) =0 or f1(y) =0. If f0(y) =0 and f1(y)= 0, then (g0(y)=f0(y))f(x)=
1+(b2(y)=a2(y))x2+· · ·+(bn(y)=an(y))xn for some (bi(y)=ai(y))’s in F . So 1∈M and
hence M =R. If f0(y)= 0 and f1(y) =0, then (g1(y)=f1(y))f(x)= x+(d2(y)=c2(y))x2
+ · · ·+ (dn(y)=cn(y))xn for some (di(y)=ci(y))’s in F . So x∈M and hence 1∈M by
the condition. Next for the case of f0(y) =0 and f1(y) =0; we multiply f(x) by x
on the right side. Then f(x)x has a nonzero term of degree 1. Consequently, in any
case, we obtain M =R and thus x2R is a maximal ideal of R. Now assume that x2R
is completely prime. Since xy + yx=1; x2y + xyx= x and so x(1 − yx)∈ x2R. Since
x ∈ x2R; xy=1−yx∈ x2R and so y∈ x2R, which is a contradiction. Hence x2R is not
completely prime. Therefore R is not strongly 2-primal by Proposition 1.2
A ring R is called weakly right (left) duo if for every a∈R there is a natural number
n(a) such that an(a)R (Ran(a)) is an ideal of R. A ring R is called bounded weakly right
(left) duo if there is a natural number M such that n(a)6M for all a∈R. Right duo
rings are bounded weakly right duo and bounded weakly right duo rings are weakly
right duo obviously. Yao showed that bounded weakly right duo rings are strongly
2-primal in [11, Corollary 4], but the converse is not true in general as we see later.
So we may suspect that weakly right duo rings are strongly 2-primal rings. However
the following example erases this possibility.
Example 1.5. We use the rings in [3, Example 3:3]. Let G be an abelian group which
is the direct sum of a countably inHnite number of inHnite cyclic groups; and denote
by {b(0); b(1); b(−1); : : : ; b(i); b(−i); : : :} of basis of G. Then there exists one and only
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one homomorphism u(i) of G, for i=1; 2; : : : such that u(i)(b(j))= 0 if j ≡ 0 (mod 2i)
and u(i)(b(j))= b(j − 1) if j ≡ 0 (mod 2i). Denote U the ring of endomorphisms of
G generated by the endomorphisms u(1); u(2); : : : : Now let A be the ring obtained
from U by adjoining the identity map of G. Let R=A⊗Z Q, where Z is the ring of
integers and Q is the Held of rationals. Then R is a weakly right duo ring which is
not 2-primal by [3, Example 3:3]. Therefore R is not strongly 2-primal.
However, we have the following condition for which the preceding argument holds.
Proposition 1.6. Let R be a von Neumann regular ring. Then the following statements
are equivalent:
(1) R is a reduced ring.
(2) R is an SI-ring.
(3) R is a 2-primal ring.
(4) R is a right duo ring.
(5) R is a bounded weakly right duo ring.
(6) R is a weakly right duo ring.
(7) R is a strongly 2-primal ring.
Proof. By Propositions 1.2, 1.3, [5, Theorem 3:2] and [11, Lemma 4].
Birkenmeier–Heatherly–Lee proved that the class of 2-primal rings is closed under
subrings in [1, Proposition 2:2]. But this argument does not hold for strongly 2-primal
rings in general by the ring of Hamilton quaternions over real numbers: for, the subring
of quaternions over integers is not strongly 2-primal by [1, Example 2:7]. Let R, S be
rings and M be an (R; S)-bimodule. Birkenmeier–Heatherly–Lee also showed that R
and S are strongly 2-primal if and only if(
R M
0 S
)
is strongly 2-primal in [1, Proposition 3:11]. So we suspect that the following kind of
extension of a strongly 2-primal ring is also strongly 2-primal. Given a ring R and a
bimodule RMR, the trivial extension of R by M is the ring T (R;M)=R⊕M with the
usual addition and the following multiplication: (r1; m1)(r2; m2)= (r1r2; r1m2 + m1r2):
This is isomorphic to the ring of all matrices(
r m
0 r
)
;
where r ∈R; m∈M and the usual matrix operations are used. We have an aMrmative
result for this situation.
Proposition 1.7. Let R be a ring and M an (R; R)-bimodule. Then R is strongly
2-primal if and only if T (R;M) is strongly 2-primal.
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Proof. Let
T =T (R;M)=
{(
r m
0 r
)
| r ∈R; m∈M
}
:
Then note that
P(T )=
{(
x m
0 x
)
| r ∈P(R); m∈M
}
:
So
T=P(T )=
{(
Nr 0
0 Nr
)
| Nr ∈R=P(R)
}
∼= R=P(R):
Hence T=P(T ) is strongly 2-primal by Proposition 1.2, and therefore T is strongly
2-primal. The converse is obtained immediately.
Birkenmeier–Heatherly–Lee showed that the class of strongly 2-primal rings is closed
under direct sums in [1, Proposition 3:10], and that the polynomial rings over strongly
2-primal rings need not be strongly 2-primal in [1, Example 3:13]. Based on these
results, we raise the following questions:
Question 1. Is the formal power series ring over a strongly 2-primal ring also strongly
2-primal?
Question 2. Is the direct product of strongly 2-primal rings also strongly 2-primal?
Herein, we give answers to these questions negatively. We use R[[x]] to denote the
formal power series ring over a ring R.
Example 1.8. Let F be a Held and let V be a inHnite dimensional left vector space
over F with {v1; v2; : : :} a basis. For the endomorphism ring A=EndF(V ), deHne
A1 = {f∈A | rank(f)¡∞ and f(vi)= a1v1+· · ·+aivi for i=1; 2; : : : with aj ∈F} and
let R be the F-subalgebra of A generated by A1 and 1A. Then R=P(R) ∼= {(a1; a2; : : : ; an;
b; b; : : :) | ai; b∈F and n=1; 2; : : :} ⊂
∏∞
i=1 Fi by the argument in [8, Example 1:1],
where Fi =F for all i. Hence every prime ideal of R=P(R) is completely prime and
so every prime ideal of R is completely prime. Therefore R is strongly 2-primal by
Proposition 1.2. However, R[[x]] is not 2-primal by the argument in [8, Example 1:1],
whence R[[x]] is not strongly 2-primal.
But given a ring R, the inverse directions, for R[x] and R[[x]], are obtained positively
as in the following.
Proposition 1.9. For a ring R we have the following assertions:
(1) If R[x] is strongly 2-primal then R is strongly 2-primal.
(2) If R[[x]] is strongly 2-primal then R is strongly 2-primal.
Proof. (1) Let P be a prime ideal of R. Then P + xR[x] is a prime ideal of R[x],
so it is completely prime by the condition. Since R[x]=(P + xR[x]) ∼= R=P; P is also
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completely prime. So R is strongly 2-primal by Proposition 1.2. The proof of (2) is
similar.
The following example gives a negative answer to Question 2.
Example 1.10. Let K be a Held. For any nonnegative integer n, let Dn=K{xn} with
relation xn+2n =0. Then clearly Dn ∼= K[x]=(xn+2), where K{xn} is a free algebra gen-
erated by xn; K[x] is a polynomial ring with indeterminate x, and (xn+2) is the ideal
of K[x] generated by xn+2 over K . Next, for any nonnegative integer n, let
Rn=
(
Dn xnDn
xnDn Dn
)
;
then Rn is a K-subalgebra of the 2× 2 full matrix ring Mat2(Dn) over Dn. We claim
that Rn is strongly 2-primal with prime radical
P(Rn)=
(
Dnxn Dnxn
Dnxn Dnxn
)
:
To see this, observe that every element in the subsets of Rn of the form(
Dnxn 0
0 0
)
;
(
0 Dnxn
0 0
)
;
(
0 0
Dnxn 0
)
and
(
0 0
0 Dnxn
)
is strongly nilpotent and so
An=
(
Dnxn Dnxn
Dnxn Dnxn
)
⊆ P(Rn);
but
Rn=An ∼=
(
K 0
0 K
)
∼= K ⊕ K
is reduced (so semiprime). We then have An=P(Rn). Next, consider Rn<t= and∏∞
n=0 Rn<t=. Notice P(Rn<t=)=An<t= because
Rn<t=
An<t=
∼= Rn
An
<t= ∼=
(
K 0
0 K
)
<t= ∼=
(
K <t= 0
0 K <t=
)
∼= K <t= ⊕ K <t=;
so Rn<t==An<t= is reduced, and An<t= is a nilpotent ideal of index n + 2 (so An<t= ⊆
P(Rn<t=)): Let J be a nonzero proper ideal of K <t=, then J has tk with k¿ 1, say h
is the least one such that th ∈ J . If h¿ 2 then K <t==J is not a prime ring, so if J
is a prime ideal then h must be 1; hence K <t=t is the only nonzero prime ideal of
K <t=. Consequently, the fact that K ∼= K <t==K <t=t and K <t= ∼= K <t==0 implies that K <t= is
strongly 2-primal by Proposition 1.2. Then Rn<t==P(Rn<t=)=Rn<t==An<t= ∼= K <t= ⊕ K <t= is
strongly 2-primal by [1, Proposition 3:10], so Rn<t= is strongly 2-primal by Proposition
1.2. However
∏∞
n=0 Rn<t= is not 2-primal by [8, Example 1:7] and so it is not strongly
2-primal.
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3. -regularities over strongly 2-primal rings
In this section we study the weak -regularity of strongly 2-primal rings whose prime
ideals are maximal. Recall that a ring R is said to be (strongly) -regular if for every
x∈R there exists a natural number n, depending on x, such that (xn ∈ xn+1R) xn ∈ xnRxn.
It is well-known that the strongly -regularity is right–left symmetric.
Proposition 2.1 (Hirano [6, Theorem 1]). Let R be a 2-primal ring. Then the follow-
ing statements are equivalent:
(1) R is strongly -regular.
(2) R is -regular.
(3) R=J (R) is -regular and J (R) is nil.
(4) Every prime ideal of R is a maximal one-sided ideal.
By Proposition 2.1, we may raise the following question.
Question 3. Let R be a strongly 2-primal ring. If every prime ideal of R is maximal,
then is R -regular?
But the answer is negative by the following example.
Example 2.2. Let W1[F] be the Hrst Weyl algebra over a Held F of characteristic zero.
Since W1[F] is a simple domain, it is clearly strongly 2-primal. We consider the ring
R=
{(
a b
0 a
)
| a; b∈W1[F]
}
:
Then since
P(R)=
(
0 W1[F]
0 0
)
; R=P(R) ∼= W1[F];
hence R=P(R) is strongly 2-primal, and so R is strongly 2-primal by Proposition 1.2.
Also note that every prime ideal is maximal since P(R) is the unique maximal ideal
of R. Now we claim that R is not -regular: for, letting a =0 and a =1, then(
a 0
0 a
)n
∈
(
a 0
0 a
)n
R
(
a 0
0 a
)n
for any positive integer n.
In Example 2.2 the ring R is right weakly -regular by [7, Example 4], hence we
may also raise the following question.
Question 4. Let R be a strongly 2-primal ring. If every prime ideal of R is maximal,
then is R right weakly -regular?
But the answer is also negative by the following example.
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Example 2.3. Let W1[F] be the Hrst Weyl algebra over a Held F of characteristic zero
as in Example 2.2, and let R be the ring(
W1[F] W1[F]
0 W1[F]
)
;
the 2× 2 upper triangular matrix ring over W1[F]. Since
P(R)=
(
0 W1[F]
0 0
)
;
R=P(R) ∼= W1[F] ⊕W1[F]; hence R=P(R) is strongly 2-primal by Proposition 1.2 and
[1, Proposition 3:10]. Then R is strongly 2-primal by Proposition 1.2. Note that every
prime ideal of R is maximal, but R is not right weakly -regular by the argument in
[2, Example 12].
Chandran showed that a right duo ring is von Neumann regular if and only if every
proper ideal of R is semiprime in [4, Theorem 3:4]. Yao generalized Chandran’s result
onto bounded weakly right duo rings in [11, Proposition 1]. To obtain a generalization
of it onto weakly right duo 2-primal rings, we Hrst need the following. Note that there
is a weakly right duo ring but not 2-primal by [3, Example 3:3].
Lemma 2.4. Let R be a weakly right duo ring. If every proper ideal of R is semiprime;
then R is strongly -regular.
Proof. For a∈R, there exists a positive integer n(a) such that an(a)R is an ideal of
R. For any ideal I of R, note that P(R=I)=K=I and P(R=I 2)=K=I 2 for some ideal
K of R. Since every proper ideal of R is semiprime, we have an(a)R=H =(an(a)R)2
where P(R=an(a)R)=H=an(a)R and P(R=(an(a)R)2)=H=(an(a)R)2 for some ideal H of
R. Consequently an(a)R= an(a)Ran(a)R, so R is right weakly -regular. Therefore R is
strongly -regular by [7, Theorem 7].
With the help of Lemma 2.4, we have the following generalization of the Yao’s
result onto weakly right duo 2-primal rings.
Proposition 2.5. Let R be a weakly right duo 2-primal ring. Then the following state-
ments are equivalent:
(1) R is strongly regular.
(2) Every proper ideal of R is semiprime.
Proof. (1) ⇒ (2): It is obvious.
(2) ⇒ (1): R is strongly -regular by Lemma 2.4, so every prime factor ring of R
is a division ring by [2, Corollary 6]; hence R is strongly 2-primal by Proposition 1.2.
Since R is semiprime and 2-primal, R is reduced and then R is von Neumann regular
by [5, Theorem 1:21]. Therefore R is strongly regular since it is reduced.
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As a byproduct of Proposition 2.5, 2-primal rings are strongly 2-primal when given
rings are weakly right duo and every proper ideal is semiprime. For (bounded) weakly
right duo rings in which every proper ideal is semiprime, we obtain more informations
as in the following.
Proposition 2.6. Let R be a weakly right duo ring in which every proper ideal is
semiprime. If k is the index of nilpotency of a nonzero nilpotent element a∈R; then
there cannot exist positive integer n with n¡k such that anR is an ideal of R.
Proof. Assume to the contrary that anR is an ideal of R. Since every proper ideal is
semiprime, anR=(anR)2 by the proof of Lemma 2.4. Then we have anR= anRanR=
anRanRanR= · · ·= ananR= anananR= · · · because anR is an ideal of R, so anR= amR
for some positive integer m with k ¡m. Consequently we obtain a contradiction
0 = anR=0.
Corollary 2.7. Suppose that every proper ideal of a ring R is semiprime. If R is
bounded weakly right duo then R is of bounded index of nilpotency.
Proof. Assume that R is not of bounded index of nilpotency. Then R cannot be
bounded weakly right duo by Proposition 2.6, which is a contradiction.
The following example shows that the generalization in Proposition 2.5 is nontrivial.
Example 2.8. There exists a weakly right duo 2-primal ring which is not bounded
weakly right duo. Let F =Z2 be the Held of integers modulo 2 and deHne




a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
... · · · ...
0 0 0 · · · a

 | a; aij ∈F


denote= Rn
with n a positive integer ¿ 3. Then for A∈Rn with nonzero diagonal ARn=AuRn=Rn
for any positive integer u, and for B∈Rn with zero diagonal BnRn=0; hence every
Rn is bounded weakly right duo (also bounded weakly left duo by the symmetry)
for n=3; 4; : : : . Notice that every Rn is not right (left) duo by the element such
that (2; n)-entry ((1; n − 1)-entry) is 1 and 0 elsewhere. Now let R=(⊕∞n=3 Rn; 1)
be the subalgebra of
∏∞
n=3 Rn over Z2 generated by
⊕∞
n=3 Rn and 1=1
∏∞
n=3 Rn . Put
C =(c3; c4; : : : ; cu; 0; 0; : : :)∈R and D=(d3; d4; : : : ; dv; 1; 1; : : :)∈R. Then CuR and DvR
are two-sided by the previous argument for Rn, so R is weakly right duo.
Next notice that P(R)=
⊕∞
n=3 P(Rn). Then R=P(R) ∼= (
⊕∞
n=3 Fn; 1), the subalgebra
of
∏∞
n=3 Fn over Z2 generated by
⊕∞
n=3 Fn and 1=1
∏∞
n=3 Fn , where Fn=Z2 for all
n=3; 4; : : : . Thus R=P(R) is reduced and hence R is 2-primal.
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Let k be any positive integer. Let B=(b3; b4; : : : ; bk+2; 0; 0; : : :)∈R such that each
(i; i + 1)-entry of bs (s=3; 4; : : : ; k + 2) is 1 for i=2; 3; : : : ; s− 1 and all other entries
of bs are zero. Then
BkR=


0; 0; : : : ;


0 0 0 · · · 0 0
0 0 0 · · · 0 1
0 0 0 · · · 0 0
...
...
... · · · ... ...
0 0 0 · · · 0 0
0 0 0 · · · 0 0


; 0; 0; : : :


R
is not two-sided. Therefore R is not bounded weakly right duo.
Considering Lemma 2.4 and Proposition 2.5, we may raise the following.
Question 5. Is every proper ideal of a ring R semiprime if R is weakly right duo
strongly -regular?
The answer is also negative by the rings Rn in Example 2.8. In fact every Rn, with
n¿ 3, is weakly right duo by the argument in Example 2.8 and it is clearly strongly
-regular; but it is not semiprime obviously.
Lastly, we raise the following question that is the converse of the result that bounded
weakly right duo rings are strongly 2-primal by Yao [11, Corollary 4].
Question 6. Are strongly 2-primal rings bounded weakly right duo?
Example 2.8 provides a counterexample to this question. For the ring R in Exam-
ple 2.8, note that R=P(R) ∼= (⊕∞n=3 Fn; 1) is von Neumann regular (so right weakly
-regular obviously), and that R is 2-primal. So R is strongly 2-primal by Proposition
1.3, but it is not bounded weakly right duo.
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